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NONLINEAR DAMPING OF INJECTION OSCILLATIONS

V. M. Zhabitsky
Joint Institute for Nuclear Research, 141980 Dubna, Moscow region, Russia

Abstract However, many TFS use digital electronics in the feed-

back loop (for example, filters and delays). Their trans-

The theory of a transverse feedback system with a NOLEY functions have a quasi-linear step character. Sometimes

linear regime of injection oscillations damping in circularthe regime with limitation of a power for amolifiers is em-
accelerators and colliders is described. For this feedbacll< 9 P P

loop the dependence between the kick value in the deflec gée:tgg:s&gihaem,ggxdfaﬁf ’Pre(aarpmzsv(cggtg;ﬁ.ze(g?c:?r?-
and the beam deviation at the pick-up location is a nonlin- ' g g-reg

. X . . crease the efficiency of TFS [1]. Its transfer function con-
ear function. The beam dynamic nonlinear equation of the . . P
. . sjsts of a linear part for small amplitude oscillations and a

transverse coherent motion for deviation from the closed.” . ) o . .
igh fixed level gain for large oscillations (see Fig.2, solid

orbit has been solved using the approximation _proceduri%e)_ Thus, the transfer function§z) of these TFS are
based on the Krylov-Bogoliubov method for nonlinear dif- "+

) ) : ; . nonlinear.
ferential equations. Approximate expressions for damping
time and beam oscillation amplitude are analysed for dif-

ferent nonlinear transfer functions.

1 INTRODUCTION

Transverse feedback systems (TFS) are used in syn- [ e
chrotrons to damp the coherent transverse beam oscilla-
tions. In these systems (see Fig.1) the kicker (DK) correciEigure 2: Dependence of the kigkz’ on the beam devi-
the beam angle according to the beam deviation from thationz for the linear (dashed line) and “bang-bang” (solid
closed orbit in the pick-up (PU) location at every turn. TFSine) transfer functions.
have been widely used to suppress resistive wall instability
and to provide a beam oscillation amplitude decrease after.
injection.

Ky

The so-called “logical regime” was described in [2]. Its
transfer function is a step function with two jumps. This
< nonlinear regime was tested on the SPS at CERN [3]. The
beam \ fast damping of initial oscillations was observed.

These experiments initiated some theoretical studies. A
. numerical simulation was used in [2] to estimate the damp-
{ 4 PU ing time. It has been found that the amplitude of oscilla-
) j tions decreases linearly in time for some regimes.
DK > The analitical appoach for nonlinear damping was devel-
oped in [4]. Itis shown that the transverse coherent motion
for the particle deviation from the closed orbit, when in-
Figure 1: Layout of a transverse feedback system  stapility is neglected, is fully described by the difference

equation of the second order:
Most TFS use electronics for signal processing in the

feedback loop in order to obtain different dependences  z[n + 2,sp] — 2z[n + 1, sp] cos u + z[n, sp]
f(x) between the beam deviatiarin, sk in PU and the = /BoBr Az'[n + 1, sx] sin(u — 1)
- PMK s O K -

kick Az'[n, sk] in DK at then-th turn:
+V/BpBr Az'[n, sk]sinn , (2)

VBpBk Az'n,sk] = g f(zn,sp)). 1) _ _
whereu = 27(@) is a betatron phase advance per revolution
Here 8p and Bk are the transverse betatron amplitudén the transverse plan&) is the number of unperturbed
functions in the PU and DK locationg;is the gain of the betatron oscillations per revolution, ands the betatron
feedback loop. Usually power amplifiers with a linear charphase advance from PU to DK.
acteristic are employed. Hence, a transfer funcfior) of To solve equation (2), the approximation procedure
this feedback loop is a linear one (see Fig.2, dashed line)ased on the Krylov—Bogoliubov method [5] for nonlinear
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differential equations was used in [4, 6]. These approximdunctionst,, as the periodical functions af,, can be ex-
tion approaches for nonlinear damping are generalized bpanded into the Fourier series:

low. Damping time and asymptotic behaviour of the beam

oscillation amplitude are analysed for different parameters Em(an; Yn) = Vmo(an)

of the nonlinear transfer function. All results are obtained > )
for feedback description when instability is neglected. + Z[”mk (an) cos Ktpp + Yk (an) sin kipn] ,
k=2
2 THEORY wherev,,1 = v,1 = 0, because amplitude, is the full
. ) amplitude of the main (first) harmonic of oscillations.
2.1 Basic Equation For the left-hand side of (3) we expand all values into

In order to simplify final expressions, it will be supposedne Taylor series taking into account (6) and (7). The first
further that the phase advangdrom the PU to the DK is @PProximation of these expansions is:
equal to an odd number af/2 radians. So|,sinn| = 1 and - _
the best damping is realised for TFS with the linear transfer Lhes. = g (an)[cos(tn + 2p1) = s

function. Substituting for\z’ from (1) into (2) in this case + g®1(an)an[sin, — sin(y, + 2u)]

yields + g&1(an, Ynt2) — 29 cos i &1 (@n, Yrt1)
z[n + 2,sp] — 2z[n + 1,sp| cos u + z[n, sp] + g&i(an, ¥n) - (8)
=g f(zn,sp]) —g f(z[n+1,sp])cosp.  (3) For the first level of approximation, the right-hand side

Equation (3) is a basic equation for studying beam dynan®f (3) is determined by a zero level of approximation. Sub-
ics with a nonlinear transfer function for a feedback loopStituting forz from (5) into (3) yields
This equation is good for numerical calculations and con-

r.hs. = g f(ancosiy,)

venient for analytical work.
— g flancos(¢pn +p))cosp . (9)

2.2 Solution (First Approximation) Equating coefficients of Fourier series in (8) and in (9)
The gaing in (3) for feedback realized is a small value.yields for main harmonic:

Normally, ¢ = 0.01 for instability damper systems and o

g = 0.1 for damping of injection errors. Singgeis small, da, g

equation (3) is weakly nonlinear, and a number of pertur-"g,,, ~ ~ 2, /f(“n C08 ) COS P dip ; (10)
bation methods is available to determine an approximate 0

solution of this equation. It was demonstrated in [4, 6] thatdw 2m

the Krylov—Bogoliubov method [5] can be used for solving —* = + 5ra /f(an cos iy, sin ¢, dip, . (11)

the weakly nonlinear equation (3). This approach is used®”
and generalized below.

0

Wheng = 0, the solution of (3) can be written as Equation (10) yields the amplitude damping rate per turn.
The phase dependencewffor the beam transverse oscil-
zln,sp] = acos(un + ¢) = acostn (4)  lations is determined by equation (11).
Yy, = pun+o, Itis clear from (8) and (9) that the third and higher har-

monics of oscillations can be excited. It depends on the
transfer function. This typical effect for nonlinear systems
is not discussed in this paper because of pages limitation.

wherea and ¢ are constants. Whep # 0, the solution

of (3) can still be expressed in form (4), provided that
and¢ are considered to be functionssefrather than con-
stants. In accordance with the Krylov—Bogoliubov method,

the solution of (3) can be written as a series of the form 3 RESULTS

3.1 Linear Transfer Function

For TFS with a linear transfer function we hafér) =
whereg; is unknown functions of full amplitude, and pe- %, Wherez = a, cosy,, at zero level of approximation.
riodical functions ofys,,. Functions; are small corrections Taking into account (5), (10) and (11), we obtain the fol-
of the main harmonia,, cos1,,. The order of these cor- 10wing solution:

rections is given by small parametgrThe amplitude and

x[n, sp] = a, cos P, + Z 9" Em(an, ¥n) , (5)
m=1

9 :
phase are the functions af,. Hence, for their derivatives a[n, sp] = agexp (_ 3 ”) coS Y ; (12)
we can write: Yo = pn+do. (13)
da,
o = 9i(an) + 9*As(an) + ..., (6)  wherea, and¢, are constants depending on initial condi-
dion N tions. This solution coincides with the well known result
T = kpte®ian) +g7®(an) 4. (7)  (see, for example, [7]).
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3.2 Transfer Function with Linear and Cubicand fora, > a.
Terms

dan g ac 2
Performing the integration in (10) for the transfer func- an = Tor (da; — 2ac )\ [1— | —

tion with linear and cubic terms fin
Qc
gf(x) = gz+ggsz®, (14) + <7r — 2arccos (%)) an> . (20)
we obtain: For the phase of oscillations we get formula (13). Hence,
w = ag exp(—gn/2) (15) to the first level of approximation, the frequency is not af-
n V1 — (3g3a2/4)(exp(—gn) — 1) fected by the damping, while the amplitude decreases in

accordance with dependence (20) or (19).
Performing the integration in (11), we obtain the expres- Fora, > a. we have from (20)
sion for the phase of oscillations that coincides with for- 9
mula (13). Thus, at the first level of approximation, the fre- an ~ ag— = gan . (21)
guency is not affected by the damping, while the amplitude , _F , o i
decreases in accordance with dependence (15). FormdI@us: to this level of approximation, large initial ampli-

(15) coincides with the well known result for the amplituddUdes decrease linearly with time. This formula (21) for
solution of Rayleigh’s equation amplitude dependence coincides with the result for ampli-

tude solution of Coulomb damping (17). The linear ampli-
P+ wir =e(@—A\i?). tude decreasing with time was also obtained in [2] where
a numerical simulation was used to estimate the damping

Other results concerning damping parameters for TFS witiine. Other results for the “bang-bang” regime are shown
this transfer function are discussed in [4]. in [6].

3.3 Coulomb Damping 4 CONCLUSION

In this case the transfer function is The approaches demonstrated in [4, 6] have been de-

ga; when z, >0; veloped and generalized in this paper for studying TFS
gf(z) = — (16) Wit various nonlinear transfer functions. It gives analyt-
ga; when z, <0. g y
_ _ o _ ical approximate solutions to calculate the damping time
Performing the integration in (10) and (11), we obtain forand other parameters of the particle motion.
mula (13) for the phase of oscillation and the following de-
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